Abstract. The phase field approach has become a popular tool in modeling interface motion, microstructure evolution, and more recently the shape transformation of vesicle membranes under elastic bending energy. While it is advantageous to employ phase field models in numerical simulations to automatically handle topological changes to the microstructures or the configurations of vesicle membranes, detecting topological events may also become important for many applications such as those in the simulation of blood cells. Motivated by such considerations, a new quantity is formulated to retrieve some topological information based on the phase field formulation and to capture the occurrence of topological events. It can also be used as a control method to avoid unphysical changes of topology due to the numerical methods, should it become necessary for particular practical applications. Through numerical experiments, we demonstrate the effectiveness and the robustness of the new quantity in detecting the topology of fluid bubbles and vesicle membranes. 1. Introduction. Phase field modeling of mezoscopic morphology and microstructure evolution has become popular in recent years (see [6, 7, 8, 9, 12, 13, 21, 22, 24, 34, 35, 38, 39] and the references therein). These phase field approaches are usually combined with energetic variational formulations that lead to a diffuse interface modeled by a mixing energy. This allows topological changes of the interface to take place naturally [28, 31, 37] . Such a feature gives such approaches many advantages in numerical simulation of the interface variation and the interfacial motion (cf. [11] ). More recently, we have given another successful application of the phase field model for computing the equilibrium configurations of vesicle membranes that minimize the bending elastic energy [19, 18] . The methods developed in [19] can be very useful in morphological studies of vesicle membranes under elastic bending energy, which has many interesting applications.
Introduction.
Phase field modeling of mezoscopic morphology and microstructure evolution has become popular in recent years (see [6, 7, 8, 9, 12, 13, 21, 22, 24, 34, 35, 38, 39] and the references therein). These phase field approaches are usually combined with energetic variational formulations that lead to a diffuse interface modeled by a mixing energy. This allows topological changes of the interface to take place naturally [28, 31, 37] . Such a feature gives such approaches many advantages in numerical simulation of the interface variation and the interfacial motion (cf. [11] ). More recently, we have given another successful application of the phase field model for computing the equilibrium configurations of vesicle membranes that minimize the bending elastic energy [19, 18] . The methods developed in [19] can be very useful in morphological studies of vesicle membranes under elastic bending energy, which has many interesting applications.
In this paper, we continue the study of the phase field model but from a different, and perhaps also very novel, point of view. We are motivated by the fact that in many engineering and biological applications, such as the modeling of blood cells in vascular systems, topological information about the vesicle membranes is of critical value. Thus, how to detect and control the topological change of the interface in the phase field modeling and numerical simulation becomes an important issue. Partly due to the nature of the phase field method (and all other level set methods) in their standard formulation, there is no mechanism preventing the topological change of the membranes or other interfaces. In fact, some of the topological changes are due purely to the formulations, instead of the underlying physics. To our knowledge, there has not been any discussion in the literature on how to recover relevant topological information from the phase field simulations, nor to address further control mechanisms.
The general phase field model is based on the introduction of a phase function (or order parameter) φ = φ(x), defined on the physical (computational) domain Ω that encloses Γ. The function φ is used to label the inside and the outside of the vesicle Γ: the level set {x : φ(x) = 0} gives the membrane, while {x : φ(x) > 0} represents the interior of the membrane and {x : φ(x) < 0} the exterior. A transition thickness parameter is also chosen to characterize the typical length scale of the transition layer (or the thickness of the regularized diffuse interface). For time dependent problems, it is natural to allow φ = φ(x, t). The objective of our study here is to propose some robust and efficient methods for retrieving or recovering interesting topological information within the phase field framework. In particular, we will develop some robust formulae for computing the Euler number for the modeled interface based on order parameter φ.
We expect that our study here has the potential of opening up a host of exciting new applications of phase field modeling, including the use of the topological quantities in a control setting. Our numerical simulation indicates that the generalized Euler number ( χ 2 in three dimensions and χ in two dimensions) not only is a better indicator of topological changes than the energy functional we had been using in our previous paper [19] , but in fact, gives a quantized jump upon a completion of the topological change (a direct consequence of the Gauss-Bonnet formula) for regular surfaces. Moreover, when the computed surface passes singularity, the new formula for χ based on the phase field formulation gives a fractional interpolation of the usual Euler number.
The study of the Euler number in terms of χ, or the Euler-Poincaré index number η, may provide guidance for the study of other topological quantities within the phase field framework. The ideas proposed in this paper may be equally applicable to other simulation methods for free boundary and interface problems such as the level set methods. Our work here is also likely to shed light on the study of many geometrical modeling problems, where providing topological information or controlling topological changes may be highly desirable.
The rest of the paper is organized as follows. In section 2, we briefly recall the phase field model, and we discuss a formulation of the Euler number (in terms of χ) within the phase field framework that can be used to recover some topological information. We present a set of formulae in various three-dimensional (3-D) and twodimensional (2-D) cases. We also discuss the Euler-Poincaré index number η when the surfaces involve singularities. In section 4, we illustrate the method of computing the quantity χ in two applications and demonstrate the effectiveness and the robustness of the our formulation. Finally, some concluding remarks are given in section 5.
The Euler number.
Given an oriented (regular) compact (i.e., without boundary) surface Γ, the well-known Gauss-Bonnet formula states that
where K = k 1 k 2 is the Gaussian curvature of the surface in R 3 , ds is the area element, and χ 2 in three dimensions (χ in two dimensions) is the Euler number [16] . The number χ is a commonly used topological quantity. For some frequently encountered surfaces, we have χ = 2 for a sphere, χ = 0 for a torus, and χ = −2 for a torus with two holes. For 2-D curves, K is the curvature and χ = 1 for a circle. For convenience, in this paper we call χ 2 the Euler number in 3-D cases and χ in 2-D cases. In this section, it is our goal to find a suitable expression of the Euler number when the surface is implicitly defined by a phase field formulation. We first give the general formula of the Euler number under a general phase field definition for both 2-D and 3-D spaces. Then we give some simplified formulae under some specific ansatz assumptions corresponding to our applications. For simplicity, we focus on only the static case when deriving the formulae. In the time dependent case, since we are mostly interested in the topological information of a spatially distributed interface at a fixed time stance, the generalizations to time dependent problems are obvious.
We note that many of our derivations are through formal asymptotics, though more detailed and more rigorous justifications will be provided in our subsequent work [17] . 
is a singular matrix for any x ∈ Ω(a, b) and the Euler number of Γ is given by
Proof. Since φ depends only on the distance d, and p is monotone increasing, there exist real numbers a and b, with b < 0 < a, sufficiently close to 0 such that Γ μ are close to the parallel translations of Γ in the normal direction for all b ≤ μ ≤ a, and all Γ μ have the same topology as Γ.
Direct computation shows
The matrix ∇ 2 d, with d = d(x, Γ) being the signed distance from x to the surface Γ, always has a zero eigenvalue with ∇d as the eigenvector. This is due to the fact that ∇ 2 d is symmetric and |∇d| = 1. On the surface Γ, the two other eigenvalues are actually the two principle curvatures of Γ (k 1 and k 2 in this case). The Gaussian curvature K is of course the product of these two eigenvalues, while the mean curvature H is given by the mean of the two eigenvalues. Both quantities can in fact be defined and computed on all the level sets in Ω(a, b). For instance, the Gaussian curvature K can be conveniently computed from Tr(Adj(∇ 2 d)) (the sum of the three principal 2 × 2 minors of ∇ 2 d; see section 2.6 for an example in the cylindrically symmetric case). Assuming that k 1 and k 2 remain constant along the normal directions in Ω , we have
Hence we get the general formula for the Euler number in three dimensions:
From the definitions of M and Λ(M ), we know that M (x) is singular for any x ∈ Ω(a, b) in the sense that it always has a zero eigenvalue, and (2.3) holds.
The formula (2.3) forms the basis for our efforts to recover topological information, in particular the Euler number.
The 2-D case. Theorem If Ω ∈ R
2 , with the same notation as in Theorem 2.1, for any monotone increasing function p there exists b < 0 < a such that
Proof. Using the same argument as above, this can be derived as follows: 
Cases involving singularities on the interfaces.
Both Theorems 2.1 and 2.2 require that Γ be a smooth oriented compact surface. However, in realistic physical applications, we always encounter the singular cases where either the curves or the surfaces intersect or have some sharp angles or cones. With the possible occurrence of the singularities, we will employ the general Gauss-Bonnet formula. In the 2-D case, suppose that the curves are piecewise smooth with n vertices (sharp corners) and that the inner angles for each vertices are {α i , i = 1, . . . , n}. The Gauss-Bonnet formula reads as
where η, the Euler-Poincaré index number, is the topological integer, the genus of the surface [16] .
We give illustrations, in 
2.1, 2πη = Γ K ds + 2(π − α).
In particular, for the cases in Figure 2 .
for the cases a, b, and c, respectively. In all of these cases, the Euler-Poincaré index number η is always 2, representing the number of bubbles.
On the other hand, the value of χ can be used to detect the change of topology even with the presence of the singular cases. Again, using the example in Figure 2 .3, the Euler numbers χ are 2, 1, and 1.5, respectively, with the singularity being signaled by the fractional value. We want to point out that in the first case, the Euler number χ is still equal to the Euler-Poincaré index number η, even with the singularity.
When we consider the definition of χ for the 3-D singular cases, we may also get a fractional Euler number when singularity appears. For example, for the configuration in the first picture of Figure 2 .2, suppose that the angle of the tangent cone is α; the Euler number can be derived from the following explicit analytic formula by calculating the ratio between the spherical cap cut by the α-cone and the total area of the sphere:
Finally, we discuss the validity of formulae (2.3) and (2.7) in singular cases. Figure  2 .4 shows that Γ μ seem to have (visual) topology different from that of Γ for some b < μ < a.
However, in reference to Figure 2 .4, because each Γ μ has a singular vertex with angle either α or β = π − α, the Euler number ξ for every Γ μ is the same as that of Γ 0 . Thus Theorems 2.1 and 2.2 still hold for this singular case where the Euler number is a fractional number.
One will encounter the issue of a singular complement in the numerical simulations of the interfaces involving singularities. This is crucial in calculating the fractional Euler number correctly. To clarify this phenomenon, let us examine Figure 2 .5. Because of the elbow shape associated with Γ a , Γ a has a different Euler number from Γ 0 . This phenomenon, hereafter referred to as the singularity compensation, occurs in all numerical experiments involving interfacial singularities due to the numerical smoothing of the surfaces. This appears to introduce difficulties into the application of Theorems 2.1 and 2.2. However, noticing that the elbow has very large curvature, if a method can be designed to filter out such an elbow, the Euler number calculated for the remaining Γ a would remain the same as that of Γ 0 . Such a technique will be introduced and developed later in section 3.
Stability and autoselection of parameters.
Although the proofs of Theorems 2.1 and 2.2 are given under the condition that for every b < μ < a, Γ μ has the same topology as Γ 0 , to correctly identify the Euler number, one can relax such a condition to requiring that the Euler number of Γ μ be the same as that of Γ 0 . By the analysis of section 2.3, it is desirable that the parameters a and b are chosen to be quite different from 0. Figure 2 .6 gives an illustration of such a case.
The advantage of choosing a and b some distance away from 0 is to ensure that Ω(a, b) contains plenty of grid points, which in turn makes the integration for the Euler number more accurate and stable.
However, in general, it is not true that all the neighboring curves or surfaces always share the same Euler number. In Figure 2 On the other hand, in Figure 2 .7, we may notice that Γ a always has the same Euler number as Γ 0 , and a can be very different from 0. Thus the selection of a and b may be problem dependent. In some cases, we can select the integration area to be either Ω(0, a) or Ω(b, 0) in order to get the correct Euler number.
Denote the Euler number as E(b, a), corresponding to the integration region Ω(a, b); in order to see the impact of a and b, we employ the following algorithm in our numerical simulations.
Algorithm: Parameter autoselection for a. Given a phase field function φ defined on region Ω, select a relatively far away from 0 (for instance, a = 1). Select a tolerance number ν (for instance, ν = 0.1) and a small step h (we can use, as an example, h = a/50).
• Step 1. If |E(0, a) − E(0, a/2)| < ν, exit; else set a = a − h.
• Step 2. If a < h, exit with a = 0; else loop back to Step 1. The above algorithm is used to select the best a. A similar algorithm can be used to select the best b. A bisection method can be adopted to make the autoselection more efficient. The resulting a and b are used to compute the correct Euler numbers. As verified in the earlier theorems, the above algorithm is assured to terminate with suitable a and b if the step size h and the tolerance ν are chosen to be reasonably small.
Formula simplification.
The formulae given in the above discussion of the Euler number are computable numerically, but for many practical situations they can be further simplified if some appropriate ansatz can be taken. We now discuss some of these simplifications.
First let us take the ansatz
which is actually an accurate description of the phase field function in many models such as the basic Allen-Cahn (Ginzburg-Landau) equations, which are popular prototype phase field models for interface and microstructure evolution. Such an ansatz also captures well the phase field function in our energetic phase field model of the vesicle membranes under bending elastic energy.
With such an ansatz, we have the following theorem. Theorem 2.3. As in Theorem 2.1, if φ = tanh(
), we have the following:
and Λ(M ) be defined as before. The Euler number of Γ is given by
The Euler number of Γ is given by
Remark 2.4. Based on the ansatz (2.10), we have that
Hence each term in the matrix M is in fact nonsingular.
Proof. A direct calculation shows that
and
Several elementary facts are in order:
Since ∇d = √ 2 ∇φ/p , we have
Simple calculation yields that
With sufficiently small , the function φ goes to 1 or −1 very quickly (exponentially) away from Γ. Thus, we can just take a = −b = 1 with → 0, and the matrix in the formula (2.2) becomes
and (2.12) holds.
For the 2-D cases, by taking a similar ansatz and putting
into formula (2.7), we finally have (2.13). More simplifications can be made for problems where periodic boundary conditions are used, since Ω φ = 0; the above formula can be further simplified to
The above formula can be compared with the formula (2.7) (with a = −b = 1) applied to the periodic boundary condition case:
where we need only p being monotone from −1 to 1 in Ω instead of being a strictly tanh function.
The previous formula (2.15) has no derivative terms, while the latter one in (2.16) involves no bulk part.
We note that the approximations in (2.12), (2.13), and (2.15) are of spectral accuracy with → 0.
Remark 2.5. We note that it is possible to get simplified formulae of other types with the ansatz (2.10). For instance, in the 3-D case, let
Then, the Euler number of the surface Γ in the phase field formulation can also be given by
Note that the change of the constant factors in front of the matrices in (2.11) and (2.17) are due to the use of different weight functions (1 − tanh 2 (x)) 2 and (1 − tanh 2 (x)) 4 in the derivation.
Formulae for cylindrically symmetric membranes.
In [19] , we have used the energetic phase field models to compute 3-D vesicle membranes minimizing the bending elastic energy. The numerical examples are for cylindrically symmetric membranes with various different topologies. We now present the Euler number computation in such situations.
In the numerical simulations given in [19] , where φ(x) → tanh(
) as → 0, the conventional cylindrical coordinates (r, θ, z) are used. Suppose that the membrane is rotationally invariant with respect to the z-axis, i.e., φ = φ(z, r, θ) = φ(z, r); then
If we substitute (2.19) and (2.20) into (2.11), we have that
Hence F , the sum of the determinants of all principal 2 × 2 minors, is equal to
where the operators ∇ and are taken in the r-z plane. If we do not take the ansatz φ = tanh(
), but simply take (2.19) and (2.20) into the formula (2.2), we get a similar formula in the more general case:
We remark here that in the 3-D cylindrically symmetric case, the two curvatures can be calculated by
respectively. One can also use them to derive the formula for the Euler number directly.
Using the partial derivatives, (2.23) can be written as
Using the difference approximation as described in [19] , the above integrals can be readily evaluated numerically on a spatial grid.
Numerical realizations.
In section 2, various formulae were presented for calculating the Euler number in two and three dimensions under different kinds of conditions. In general, we can apply finite difference or spectral methods directly to those formulae to calculate the Euler number. However, as discussed in section 2.3, the singular cases often happen in the process with topology changes, such as surface entanglement. When we apply the Euler number formulae to those singular cases, the numerical values at the singular vertices are always very large, which make the final results inaccurate. The right-most panel shows the function F (r, z) in formula (2.21) with the r and z coordinates. From the right-most graph, we see the numerical value may even go up to 10, 000. If the Euler number is calculated directly by formula (2.23), although the theoretical value for this shape is 0.7500, we get 1.0671 which is close to the value 1, the Euler number of a sphere. This phenomenon is due to the so-called singularity compensation discussed earlier.
Because of the finite discrete grid adopted in the numerical scheme, the curvature value at a singular vertex is always regularized from ∞ to a finite number. And in our case, such a change to the finite number provides certain compensation to the total Euler number, which can be viewed as putting a small elbow with a large curvature to complement the shape so that the singular shape changes to a regular shape.
A simple but effective way for getting rid of this singularity compensation is to avoid integrating over those singular vertices which are easy to detect, because the numerical values of the integrand at those locations are very big relative to other points. From the formula (2.4), we know that
where K(x) is the Gaussian curvature at a point
In most cases, it is easy to estimate the possible largest Gaussian curvature value. In the phase field models, the radius of the smallest ball should be at least larger than the band width . Thus it is natural to choose K < 1/ 2 for the regular points and regard the singular points as those satisfying the condition Λ(M (x)) > 1/(4 3 √ 2π(a − b)). We verify the above argument using the examples shown in Figure 3 .2, which represent the same cylindrically symmetric membrane with a singularity at the upper tip whose Euler number can be calculated by formula (2.26) . By excluding the singular points with Λ(M (x)) > 200, based on a 100 × 200 grid with h = 0.01, = 2h = 0.02, and α = π 6 , the computed Euler number we get is 0.7498, which is a very good approximation of the theoretical value 0.7500 obtained from formula (2.9). For α = π 4 , the computed Euler number 0.8534 is again an accurate approximation of the theoretical value 0.8536.
In the following section, we apply this technique to all our experiments.
4. Applications to some phase field models. In this section, we present two applications of the Euler number developed in the earlier sections for general phase field models. The special examples include the deformation of vesicle membrane configurations minimizing the bending elastic energy and the coarsening of two Newtonian bubbles in another Newtonian fluid. We expect that our formula can be equally applied to other more complicated and physical examples involving the phase field models as well.
The model for membranes minimizing the bending elastic energy.
We now consider the problem of minimizing the bending elastic energy:
with area and volume constraints. Here, H = (k 1 + k 2 )/2 is the mean curvature of the membrane surface, with k 1 and k 2 as the principal curvatures. k is the bending rigidity, which can depend on the local heterogeneous concentration of the species (such as protein molecules on the blood cells).
The energetic phase field model studied in [19] is given by the solution of the following modified elastic energy:
As is taken asymptotically to zero, the minimum of the energy W approaches the original energy (4.1). Moreover, at least when the membrane Γ, viewed as a surface in Ω, is regular enough, we have
approximately satisfied for all x ∈ Ω. Here, d = d(x, Γ) is the distance of the point x ∈ Ω to the surface Γ. Furthermore, the functional
goes to the difference of interior volume and exterior volume, and the function
approaches 2 √ 2 area(Γ)/3, or about 0.94 times the area of Γ. We note that for energy minimizing functions, Thus, it is also convenient to take
as the constraint for numerical purposes. For a more detailed asymptotic analysis and a more rigorous convergence analysis, including the convergence of the Euler Lagrange equation, we refer to our subsequent work [17] . It has come to our attention recently that the unconstrained variational approach of using (4.2) to approximate the 2-D Willmore functional (4.1) was also previously used, by the name of a relaxed formulation, in the application of image inpainting (see [23, 10, 32] and the references cited therein). This relaxed formulation was motivated by the Γ-convergence framework of De Giorgi [14] (see also [32] ) for general variational problems, although the convergence of such a formulation remains to be rigorously justified.
The numerical simulations in [19] were aimed at the study of the minimizers of the elastic energy W (φ) under given surface area and volume. By scaling invariance, the volume can be fixed to be a constant, while the area is changed continuously to probe the energy landscape. A set of bubble shapes was discovered, and topological changes were observed along the way only when the configurations were visualized. Our objective here is to show that the Euler number formula (2.26) can be used as an effective tool to automatically detect the topological changes.
The detailed numerical algorithms and numerical simulations of the branches of membrane shape deformations have been presented in [19] . Figure 4 .1 shows the deformation of a gourd (the first row, computed with a 40 × 375 grid and = 1.5h = 0.03) and a torus (the second row, 100 × 100 grid, = 1.5h = 0.03) with increasing surface areas, with volumes fixed at 1.1000. The gourd becomes thinner, and the torus moves further away from its axis. It is obvious that there is no topological change for both the gourd and the torus. This can be seen from the graph of the Euler numbers (Figure 4. 2) with the value being kept at 1 for the gourd and 0 for the torus. On the other hand, in the same figure, the graphs of their energy are two intersecting curves, which illustrates the existence of two shapes with totally different topologies but the same energy. [19] for such a solution branch.
In the whole energy minimizing process, the shape always jumps from one branch to another, which results in a discontinuous energy curve. Here the shape of the vesicle changes from a shell to a bangle (with no obvious energy jump), then to a torus (with a noticeable energy jump at the surface area β = 6.6822), then a longan (with an energy jump at around β = 5.3563), and finally to a spherical ball (an energy jump at around β = 5.1442). There are three topological changes during the shape deformation: (1) from shell to a bangle, (2) from torus to a longan, and (3) from longan to a spherical ball. The energy can hardly detect the change from shell to bangle, despite the occurrence of the topology change.
The right picture in Figure 4 .4 shows the change of the computed Euler numbers. The graph has exactly three jumps corresponding to the three topological changes. We can see the corresponding Euler numbers 2, 0, 2, and 1 for shell, torus, longan, Such small errors are mainly due to the approximation errors of the finite difference scheme and the integration scheme. Fortunately, those errors are always sufficiently small (less than 0.1 in this case) to be distinguishable from the Euler number jumps, which are at least 1. This makes our method very stable and sensitive in detecting the topology changes.
In summary, the above experiments demonstrate that our formula for the Euler number can be successfully used to retrieve topological information and to capture topological events. Of course, the Euler number alone does not completely determine the topology of the interface.
The phase field model of fluid bubble motion.
In the study of the coarsening of the Newtonian bubbles in another Newtonian fluid, the following 2-D simple problem has been considered: [28] to analyze the motion of bubbles in a Newtonian fluid. These phase field models are also very similar to the liquid crystal model studied in [20, 27, 29] .
The above simple system was used to study the free interface motion under the surface tension in the mixture of two Newtonian fluids with the same density and viscosity constants [1, 2, 3, 4, 5, 15, 21, 25, 26, 28, 30, 31, 33, 36, 40] . The system satisfies the following energy law:
Moreover, the whole system can be viewed as the approximation of the classical sharp interface model with the kinematic and traction-free boundary condition on the free interface [28] . As the transition width approaches zero, the induced bulk elastic stress term converges to the corresponding surface tension. To test our formula for computing the Euler number, we solve the above system in two space dimensions via a spectral spatial discretization coupled with a second order semi-implicit-in-time scheme for φ and a semi-implicit projection scheme for the Navier-Stokes equations, such as those in [20, 28] . In the simulation, the larger bubble grows at the expense of the shrinkage of the smaller one. In fact, the smaller bubble dissolves into the fluid, while the bigger bubble absorbs from the fluid, similar to the well-known Oswald ripening effects (due to the Cahn-Hillard effect of the phase equation in (4.6)). The total volume of these two bubbles remains constant in time.
The topology change in this simulation can be characterized by the Euler number of the whole configuration. At the beginning, the Euler number of the configuration with the two bubbles is 2. And finally, after the smaller bubble is totally absorbed by the larger bubble, the Euler number of the bubble configuration becomes 1. Figure  4 .6 shows the sharp change in the Euler number in this procedure using the formula (2.16). 
Conclusion.
While an important advantage of phase field modeling of the interface variation and the interfacial motion is its ability to handle the change of interface topologies in natural and physically meaningful ways, it has also come to our attention that in many practical problems, useful topological information may be needed, and the effective control of the topological transformations may be important. In this paper, mechanisms to retrieve relevant topological information based on the phase field formulations are discussed. In particular, some robust formulae for computing a generalized Euler number of the interface are proposed based on the phase field order parameter φ. Using a special ansatz, we also get further simplified formulae. For smooth interfaces, our formulae give desired quantized characterization of the interface genus. When passing through singularities, they give fractional values that generalize the notion of the genus.
As a demonstration, numerical experiments are performed for the cases of a static deformation of a 3-D axial symmetric membrane as well as a time dependent annihilation of fluid bubbles in 2-D space. The experimental results show that the proposed methods for computing the Euler number are very effective and robust in detecting the topological changes. The ideas presented in this paper are very natural and easy to implement for other phase field models and may also be equally applicable to other simulation methods for free boundary and interface problems including the standard level set methods. Rigorous analysis of the formulae derived here based on formal asymptotic analysis are currently underway [17] . We are also working on the problem of taking the Euler number as a constraint within the phase field framework to study and analyze mechanisms in a physical system for controlling and preventing topological changes, should they become desirable.
